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Introduction Polydisperse multiphase systems

Multiphase Reacting Systems

continuous phase

disperse phase

size distribution

finite particle inertia

particle collisions

variable mass loading

chemical reactions

heat and mass transfer

multiphase turbulence

Bidisperse gas-particle flow (DNS of S. Subramaniam)
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Introduction Polydisperse multiphase systems

Multiphase Reacting Systems

Bubble columns

Power stations

Brown-out

Environmental

Jet break up

Spray flames
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Introduction CFD modeling challenges

CFD Modeling Challenges in CRE Applications

Strong coupling between continuous and disperse phases

Wide range of particle volume fractions (even in same system!)

Inertial particles with wide range of Stokes numbers

Collision-dominated to collision-less regimes in same system

Particle polydispersity (e.g. size, density, shape) is always present

Chemical reaction in one (or all) phases

Wide range of chemical and physical time scales

Need a modeling framework that can handle all aspects!
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Introduction CFD modeling challenges

Kinetic-Based Modeling Approach

Microscale Model 
Direct numerical simulation 

Macroscale Model 
Hydrodynamic description 

Euler-Euler models 

Mesoscale Model 
Kinetic equation 

Euler-Lagrange models 

Volume or ensemble averages 
+ closures for “fluctuations” 

Kinetic theory 
+ density function closures 

Moments of density 
+ moment closures 

Mesoscale model incorporates more microscale physics in closures! 
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Introduction CFD modeling challenges

Hierarchy of CFD Models

Liquid-phase reacting flows =⇒ mixing-limited reactions

Gas-phase reacting flows =⇒ combustion + nanoparticles

Bubbly flows =⇒ bubble size/chemical distribution

Gas-particle flows =⇒ size-dependent particle inertia
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Reactive Mixing
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Reactive Mixing Overview

Flash Nanoprecipitation

Copolymer

Organic Active
Solvent

Non Solvent

Reactor

Supersaturation

Mixing Nucleation

Growth

Stablization

Nanoparticle
Stable

(Unused polymer)

(Aggregation)

Product quality depends on fast mixing!
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Reactive Mixing Overview

Multi-Inlet Vortex Reactor (MIVR)

d

D

w

H

w = 1.19 mm
H = 1.78 mm
D = 6.26 mm
d = 1.40 mm

Rej = ujDh
ν
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Reactive Mixing Experiments

Experimental Setup

Nd:YAG  laser

h. beam expander

mirrorsg.

k. computer

j. CCD camera

i. beam splitterf.

h

g

i

b. syringes containing

    particle solution

c. soft tubing

d. reactor

e. solution collecting

container

a. syringe pump
a

b

e

c

d

g

j

k

f

upper plane

midplane

lower plane z = 1/4 H

z = 1/2 H

z = 3/4 H

z = 0
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Reactive Mixing Experiments

Experimental Velocity Vector Fields

Laminar

Loading movie. . .

Turbulent

Loading movie. . .

Image taken at mid-plane
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Reactive Mixing CFD simulations

CFD Simulation Overview

Large-eddy simulation (LES) with Probability Density Function methods

Platform: OpenFOAM
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Reactive Mixing CFD simulations

Probability Density Function Methods

Dortmund: Feb. 22, 2011 24

Probability density function methods
Derive a transport equation for PDF of scalars:

closed unclosed

micromixingmacro/mesomixing

Advantages:
• Clear separation of mixing phenomena

• Micromixing model is defined locally in space (depends on local length 
and time scales)

• Numerical implementation can easily capture limiting case of no 
micromixing (D=0)

Micromixing model has a critical (unclosed) role!
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Reactive Mixing CFD simulations

Multi-Environment Mixing Model

Dortmund: Feb. 22, 2011 27

Multi-environment models
Discrete representation of PDF:

Find transport equations for       and       from PDF transport equation:

In simplest cases, N equals number of inlets

“Minimal” mixing model for liquid-phase reactors 

micromixing reactions
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Reactive Mixing CFD simulations

Validation: Mean Velocity Profiles

Laminar CFD vs µ-PIV
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Turbulent CFD vs µ-PIV
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Reactive Mixing CFD simulations

Validation: Passive Scalar Mixing
Rej = 39

Rej = 240

Loading movie. . .
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Reactive Mixing CFD simulations

Micromixing Parameter for Reactive Mixing

Turbulent Re is relatively small!

Standard model: Cφ = 2

1
τφ

= Cφ
ε

k
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Reactive Mixing CFD simulations

Mixing Regions in MIVR

Rej = 240

SSS =
micromixing
incomplete

LSS =
macromixing
incomplete

R. O. Fox (ISU) CFD Modeling FCRE 2013 20 / 54



Reactive Mixing Summary

Summary of CFD Models for Reactive Mixing

Single-phase reactive mixing is treated with PDF methods

Large-scale mixing is handled by CFD model for fluid velocity

Small-scale mixing requires a micromixing model

Micromixing depends on Schmidt and local Reynolds number
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Polydisperse Particles Overview

Flame Synthesis of NanoparticlesFlame synthesis of TiO2 nanoparticles 

(Strobel & Pratsinis 2007) 

Aggregation 

Growth & surface 
oxidation 

Nucleation 
(precursor oxidation)  

Precursor 
molecules 

Sintering, 
coagulation 

High-T turb. flame 

 CH4 + TiCl4        Air    
(precursor of TiO2)   6 

Limitations of univariate PBE modeling 

Morphology of nanoparticles is hardly described by 
a single parameter  
- Additional information is needed (e.g. particle surface area) 

TiO2 BaF2 

CeO2 ZnO 

(Strobel & Pratsinis 2007) 

Volume-based univariate 
QMOM is unable to account for 
surface area change 
- Unable to consider sintering of 

particle aggregates 

  → Significant over prediction of 
particle specific surface area 

Bivariate expansion of NDF is 
highly desirable 

34 
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Polydisperse Particles Population balance equation

Population Balance Equation

∂n(s)
∂t

+ ∇ · [un(s)]

advection

= ∇ · [Γ(Φ, s)∇n(s)]

diffusion

+ J(Φ)f (s)

nucleation

+
∫ s

0
β(s− s′, s′)n(s− s′)n(s′) ds′

aggregation - birth

−
∫ ∞

0
β(s, s′)n(s)n(s′) ds′

aggregation - death

Solved in CFD using Quadrature-Based Moment Methods
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Polydisperse Particles Population balance equation

Quadrature-Based Moment Methods (QBMM)

Basic idea: Given a set of moments of number density function (NDF),
reconstruct the NDF

Things to consider:

Which moments should we choose?

What method should we use for reconstruction?

How can we extend method to multivariate NDF?

How should we design the CFD solver for the moments?

We must demonstrate a priori that numerical algorithm is robust!
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Polydisperse Particles Population balance equation

CFD with Moment Methods

Population Balance 

Moment Equations Moments 
M(t,x) 

Integrate over 1-D phase space 
Closure using 
quadrature 

Reconstruct using 
quadrature 

Close moment equations by reconstructing density function 

Density 
n(t,x,s) 

Reconstructed 
density n*(t,x,s) 

Integrate over 
1-D phase space 

4-D GPBE+CFD solver 

3-D CFD solver 
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Polydisperse Particles CFD simulations

LES Flow and Scalar SolverGoverning equations 

26 
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Polydisperse Particles CFD simulations

Flow Configuration
Simulation setup 

ETH Zürich flame reactor (Pratsinis et 
al. 1996) 

 

 

 

Structured cylindrical grid 
system 
- 256 x 112 x 32 cells over 40D x 30D 

- Clustered near burner exit 

Low Mach-number solver with 
MPI-based parallel computing 

Ar 250 ml/min 

CH4 312 ml/min 

TiCl4 5.8E-4 mol/min 

Air 3800 ml/min 

D 

(1mm walls) 

28 
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Polydisperse Particles CFD simulations

Sample Results

Temperature

Loading movie. . .

TiCl4

Loading movie. . .
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Polydisperse Particles CFD simulations

Average Particle Volume and Surface Area
Results - normalized particle volume & area 

40 
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Polydisperse Particles Summary

Summary of CFD Models with Population Balances

PBE arise in many CRE applications

It is often necessary to use a multivariate PBE

CFD models based on moment methods are computationally tractable

Quadrature-Based Moment Methods offer distinct advantages for CFD
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Macroscale Particles in a Fluid
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Macroscale Particles in a Fluid Overview

Polydisperse Bubbly Flow
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Macroscale Particles in a Fluid Overview

CFD Model for Bubbly Flow

Model must account for

Liquid-phase continuity and momentum

Gas-phase continuity and momentum (i.e. moments of NDF)

Bubble size distribution (with size-dependent velocity)

Coalescence, breakage, mass transfer, ...

Describe bubble phase using Generalized Population Balance Equation
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Macroscale Particles in a Fluid Generalized population balance equation

Generalized Population Balance Equation

GPBE has 4-D phase space: bubble velocity v and bubble size s

∂n
∂t

+ v · ∂n
∂x

+
∂

∂v
· [A(t, x, v, s)n] +

∂

∂s
[G(t, x, v, s)n] = C

with known acceleration A, growth G and coalescence C functions

In principle, a 4-D reconstruction of n(v, s) is required

However, bubbles have small inertia relative to liquid

Use a monokinetic NDF approximation
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Macroscale Particles in a Fluid Generalized population balance equation

CFD with Generalized Population Balance Equation

Generalized PBE 

Moment Equations Moments 
M(t,x) 

Integrate over 4-D phase space 
Closure using 
quadrature 

Reconstruct using 
quadrature 

Close moment equations by reconstructing density function 

Density 
n(t,x,v,s) 

Reconstructed 
density n*(t,x,v,s) 

Integrate over 
4-D phase space 

7-D GPBE+CFD solver 

3-D CFD solver 
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Macroscale Particles in a Fluid Generalized population balance equation

Monokinetic NDF

Bubbles have small Stokes number =⇒ velocity is function of size

n(v, s) = n(s)δ(v− u(s))

u(s) = u0 + u1s + u2s2 + u3s3 found from velocity-size moments

Mi,1 =

Z
siu(s)n(v, s) dv ds = u0Mi,0 + u1Mi+1,0 + u2Mi+2,0 + u3Mi+3,0 for i = 0, 1, 2, 3

Linear system (=⇒ EQMOM for n(s) with 3 nodes):2664
M0,0 M1,0 M2,0 M3,0
M1,0 M2,0 M3,0 M4,0
M2,0 M3,0 M4,0 M5,0
M3,0 M4,0 M5,0 M6,0

3775
2664

u0
u1
u2
u3

3775 =

2664
M0,1
M1,1
M2,1
M3,1

3775

Solve for a total of 19 multivariate moments for 3-D velocity
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Macroscale Particles in a Fluid CFD simulations

Sample Results

Uniform injection

Loading movie. . .

Point injection

Loading movie. . .
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Macroscale Particles in a Fluid CFD simulations

Application to Stirred Vessels
Computational

Models for
Polydisperse

Daniele L.
Marchisio

Introduction

The Generalized
Population
Balance
Equation

Mesoscale
Models for
Physical and
Chemical
Processes

Solution
Methods: CM
and MCM

Solution
Methods: MOM

Solution
Methods: QBMM
(uni)

Solution
Methods: QBMM
(multi)

Applications

QMOM/CQMOM for stirred tanks

Results and comparison with experimental data

Daniele L. Marchisio Computational Models for Polydisperse

Computational
Models for

Polydisperse

Daniele L.
Marchisio

Introduction

The Generalized
Population
Balance
Equation

Mesoscale
Models for
Physical and
Chemical
Processes

Solution
Methods: CM
and MCM

Solution
Methods: MOM

Solution
Methods: QBMM
(uni)

Solution
Methods: QBMM
(multi)

Applications

QMOM/CQMOM for stirred tanks

Results and comparison with experimental data

Daniele L. Marchisio Computational Models for Polydisperse
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Macroscale Particles in a Fluid Summary

Summary of CFD Models with Low-Stokes Particles

Generalized PBE includes the velocity of the disperse phase

Monokinetic NDF approximation valid for small Stokes

Quadrature-Based Moment Methods applied to reconstruct the NDF

CFD solver modified to treat size-dependent velocity of disperse phase
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Inertial Particles
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Inertial Particles Overview

Gas-Solid Systems

solid density � gas density

particle diameter � 1 µm

particle size distribution

finite particle inertia (St � 1)

inelastic collisions

Kinetic Theory of Granular Flow coupled to
gas-phase continuity and momentum balances
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Inertial Particles Overview

Particle Trajectory Crossing

Loading movie. . .

Dilute inertial particle jets with high Stokes number
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Inertial Particles CFD model for gas-solid flow

CFD Model for Monodisperse Gas-Solid Flow

Particle-phase Kinetic Equation

∂n
∂t

+ v · ∂n
∂x

+
∂

∂v
· (An) = C

n (t, x, v): velocity NDF

v: particle velocity

A: particle acceleration (drag,
gravity, lift, . . . )

C: rate of change of n due to
particle-particle collisions

Fluid-phase equations

∂

∂t

(
ρgαg

)
+∇ ·

(
ρgαgUg

)
= 0

∂

∂t

(
ρgαgUg

)
+∇ ·

(
ρgαgUgUg

)
= ∇ · αgτ g + βg + ρgαgg

αg = 1− αp: gas volume fraction

βg: mean particle drag

Equations coupled through moments of velocity NDF
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Inertial Particles CFD model for gas-solid flow

Lagrangian vs. Eulerian Simulations

∂n
∂t

+ v · ∂n
∂x

+
∂

∂v
· (An) = C

Lagrangian method
For large ensemble, particle
positions and velocities are tracked

dx(α)

dt
= v(α)

dv(α)

dt
= A(α) + C(α)

Limited by statistical “noise” and
coupling errors

Eulerian method
Velocity moments are tracked

M0 = αp =
∫

n dv

M1
i = αpUpi =

∫
vi n dv

...

Mn
i,j,... =

∫
(vivj · · · ) n dv

Moments closed with QBMM

R. O. Fox (ISU) CFD Modeling FCRE 2013 45 / 54



Inertial Particles CFD model for gas-solid flow

Complexity of Solutions

Collisions No collisions

Loading movie. . .

Multiphase turbulence generated by momentum coupling
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Inertial Particles CFD model for gas-solid flow

KTGF Model for Collisional Gas-Solid Flow

Particle phase
∂

∂t
(ρpαp) +∇ · (ρpαpUp) = 0

∂

∂t
(ρpαpUp) +∇ · ρpαp (UpUp + τ p)

= ρpαpβp + ρpαpg

∂

∂t
(ρpαpΘp) +∇ · ρpαp (UpΘp + qp)

= −ρpαpτ p : ∇Up − γΘ

Fluid phase
∂

∂t
(ρgαg) +∇ · (ρgαgUg) = 0

∂

∂t
(ρgαgUg) +∇ · ρgαg (UgUg + τ g)

= −ρpαpβp + ρgαgg

αp + αg = 1

βp = 1
τD

(Ug − Up)

τD: drag time scale

γΘ: granular energy dissipation

Equivalent to Navier-Stokes Eq. =⇒ Need a turbulence model!
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Inertial Particles CFD model for gas-solid flow

Multiphase Turbulence Model

Phase-average quantities: 〈A〉p = 〈αpA〉
〈αp〉 , 〈A〉g = 〈αgA〉

〈αg〉

Particle-phase mean variables: 〈αp〉, 〈Up〉p, 〈Θp〉p

Gas-phase mean variables: 〈αg〉, 〈Ug〉g

Particle-phase turbulence variables: kp, εp

Gas-phase turbulence variables: kg, εg

Derive turbulence model directly from KTGF model
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Inertial Particles CFD model for gas-solid flow

Multiphase Turbulence Model: Gas Phase
Turbulent kinetic energy

∂ρgαgkg

∂t
+∇ · ρgαgkgug = ∇ ·

„
µg +

µgt

σgk

«
∇kg + ρgαgΠg − ρgαgεg

+
2ρpαp

τD
(k1/2

p − k1/2
g )k1/2

g

Phase coupling
+ ρpαp

Cg

τD
(up − ug)

2

TKE production

Turbulent dissipation

∂ρgαgεg

∂t
+∇ · ρgαgεgug = ∇ ·

„
µg +

µgt

σgε

«
∇εg +

εg

kg
(C1ρgαgΠg − C2ρgαgεg)

+ C3
2ρpαp

τD
(ε1/2

p − ε1/2
g )ε1/2

g

Phase coupling
+ C4

εp

kp
ρpαp

Cg

τD
(up − ug)

2

TKE production

Each term has clear physical significance
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Inertial Particles CFD model for gas-solid flow

Validation of Phase Coupling with DNS

Dynamics of energy partition between total energy, TKE and 〈Θp〉
DNS (Fevrier et al. 2005) Turbulence model

Partitioning of particle velocities in gas–solid turbulent flows 27

q2 p,
q2 p,

δ
q2 p

t/τF
fp

0.01

0.02

0.03

0 1 2 3 4 5

(i)

(ii)

(iii)

~

Figure 8. Influence of the initial velocity on the kinetic energy of the MEPVF and QBVD.
�, q2

p; �, q̃2
p; 
, δq2

p . Particle positions are initially random throughout the computational
domain. Initial velocities: (i) particle velocity equal to the fluid velocity at the particle position,
(ii) zero velocity, (iii) random velocities sampled from a Gaussian distribution with zero mean
and variance equal to u′2. Results from the 963 DNS at ReL = 140, St = 0.81.

that the total kinetic energy q2
p decreases to its equilibrium value within about 3τF

fp .
The kinetic energy of the MEPVF decreases more rapidly than does q2

p while the
energy of the QBVD increases. Equilibrium values for q̃2

p and δq2
p are also attained

after about 3τF
fp . For case (ii) the initial particle velocities correspond to kinetic ener-

gies q̃2
p = q2

p =0 and δq2
p = 0; for case (iii) the initial particle velocities have no spatial

correlation, i.e. δq2
p = q2

p . For each case, the energy of the MEPVF and QBVD reaches
the same equilibrium state, the transient being again about 3τF

fp . Figure 8 shows that
the QBVD is a physical contribution to the particle velocity distribution resulting
from the inertial bias in particle trajectories.

The equilibrium values of the kinetic energy of the MEPVF and QBVD normalized
by the total particle kinetic energy are shown in figure 9. For small response times,
particles tend to move as fluid elements and consistent with the scalar limiting case the
simulations show that the kinetic energy of the QBVD tends to zero. With increasing
inertia, particles do not adapt as rapidly to the local fluid motions, and the simulations
show the fraction of kinetic energy residing in the QBVD, δq2

p/q2
p , increases while the

fraction residing in the MEPVF decreases. For response times τF
fp ≈ TL, the contribu-

tion of the QBVD to the particle kinetic energy is approximately 30% of the total.
In the limit of very large inertia, particle motion will be mainly driven by the QBVD,
with negligible energy in the MEPVF. Consistent with the work of Abrahamson
(1975), in the large-inertia limit particle transport will be stochastically equivalent
to a Brownian motion. In addition, the particle velocity distribution as well as the
distribution of the relative velocity between two particles will be Gaussian in the
large-inertia limit (e.g. see Laviéville, Deutsch & Simonin 1995).

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

t/τD

κ
p
,
k
p
,

3 2
Θ

p

Phase coupling closure has correct physics!
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Inertial Particles Summary

Summary of CFD Models for Fluid-Particle Systems

Generalized PBE describes the disperse phase

Particle trajectory crossing leads to full NDF for particle velocity

Quadrature-Based Moment Methods used to reconstruct velocity NDF

Momentum coupling leads to multiphase turbulence

Rigorous turbulence model can be developed from KTGF model
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Conclusions Final remarks

Final Remarks

CFD modeling capabilities have grown enormously in last 20+ years

Kinetic-based modeling approach uses mesoscale models

Multiphase reacting systems lead to a Generalized PBE

Quadrature-based moment methods lead to tractable CFD models

Predictive multiphase turbulence models are still an open problem
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